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Efficient Complete Coverage Through Heterogeneous Sensing Nodes
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Abstract—We investigate the coverage efficiency of a sensor
network consisting of sensors with circular sensing footprints of
different radii. The objective is to completely cover a region in an
efficient manner through a controlled (or deterministic) deploy-
ment of such sensors. In particular, it is shown that when sensing
nodes of two different radii are used for complete coverage, the
coverage density is increased, and the sensing cost is significantly
reduced as compared to the homogeneous case, in which all nodes
have the same sensing radius. Configurations of heterogeneous
disks of multiple radii to achieve efficient circle coverings are
presented and analyzed.

Index Terms—Complete coverage, wireless sensor networks,
covering density, sensing cost.

I. INTRODUCTION

IN the context of sensors’ deployment for coverage purposes,
there are two broad categories of schemes: random and

deterministic. Typically, in random deployment, sensors are
distributed randomly in large numbers to achieve a partial
coverage (e.g., [1] and [2]). On the other hand, in determin-
istic schemes, complete coverage of a region can be achieved
even with a limited number of sensing devices (e.g., see [3]).
In deterministic deployment strategies, information regarding
sensors’ locations (relative positions) is required unlike random
schemes. Both approaches have their own characteristics and
selection of a particular approach is a matter of the application
under consideration [4], [5]. However, in many real life appli-
cations in which sensing nodes are expensive and sophisticated
devices, controlled (or deterministic) deployment is generally
adapted and approved. For instance, in agricultural domain, to
monitor climatic conditions such as temperature and humidity
etc., a sensor network is deployed in which wireless sensors
are spread throughout a field in the form of a grid (or other
regular patterns) to completely cover a field [6]. Similarly, there
are other numerous monitoring and surveillance applications
in which deterministic deployment approaches are adapted for
complete coverage (e.g., [1] and [4]).

In this paper, we examine the coverage efficiency of deter-
ministic deployments of sensing nodes with circular footprints
of two different radii. It is shown that for complete coverage
purposes, configurations of heterogeneous disks, i.e., disks with
different radii, are indeed better as compared to the homoge-
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neous case. We propose two different configurations of het-
erogeneous disks and analyze variations in covering densities
(a metric to quantify the efficiency of covering) with respect
to variations in disks radii. Relationships among disks radii
to ensure complete coverage are also computed. From energy
consumption perspectives in sensor networks, improvements
offered by heterogeneous configurations are also demonstrated
using a sensing cost metric.

Coverage problems, specially deterministic ones, find their
roots in computational geometry (e.g., [7] and [8]). One of the
primary problem is related to circle covering; what is the most
efficient way to place circular disks of same radii to completely
cover a region. The solution is provided in [7] stating that the
most efficient way minimizing overlaps among disks is to place
disks in an equilateral triangle lattice. In [9], a lower bound
on the density of covering is given when circular disks of two
different radii are used. In multiagent and sensor networks,
circular disks correspond to the sensing footprints of nodes
and minimizing overlap means that the power is consumed
efficiently for the sensing operation.

II. EFFICIENCY OF COVERAGE

In this section, we provide a formal description of the
efficiency of coverage in terms of the coverage density and
sensing cost. A circle covering is a configuration of overlapping
circles with given radii to completely cover some domain in
R

d (d = 2 in our case). In order to quantify the efficiency
of circle covering, a commonly used metric is the covering
density, denoted by ρ. It measures how efficiently circular
disks are arranged to cover the given domain. The notion of
crystallographic unit [10] of the circle covering is needed to
define ρ. Crystallographic unit of a covering is a parallelogram
containing the minimum repeatable elements of a circle cover-
ing, as shown in Fig. 1.

1) Definition 2.1: Covering Density: The covering density
of a circle covering, denoted by ρ, is the ratio of the area of the
crystallographic unit to the area of circular disks covering the
crystallographic unit.
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Let c be a crystallographic unit of a circle covering and A(c)
be the area of c, then

ρ =
A(c)

k∑
j=1

xj

(
πδ2j

) . (1)

Here, k is the number of circular disks that are covering c, xj is
the fraction of the area of the circular disk of radius δj covering
a portion of c. An example is shown Fig. 1.

A circle covering with a higher ρ is more efficient. It means
that the overlap among circular disks is smaller and the areas
of disks are being utilized efficiently to cover the region. In
practical scenarios, these circular disks may correspond to
sensing footprints of the sensors deployed within some region.
Overall energy consumed by sensors for sensing operations is
directly dependent on the area of footprints.

In fact, in a sensor range model based on RF-power density
function for an isotropic antenna, power consumed is directly
proportional to the area of the sensor footprint given by π(δj)

2,
where δj is the radius of the footprint (e.g., [11]). Thus, a
sensing cost (in terms of the power consumption) can be
associated with a sensor that is proportional to the square of the
radius of the footprint of the sensor. To efficiently utilize energy
resources, sensors should be deployed to maximally utilize the
area of circular footprints. Therefore, a sensing cost can be
associated with a configuration of a group of nodes covering
a region.

2) Definition 2.2: Sensing Cost: Let there be n agents with
sensing footprints of circular shapes, and δj be the radius of
the footprint of agent j ∈ {1, 2, · · · , n}, then the overall sensing
cost of the system is

J =

n∑
j=1

(δj)
2. (2)

Like the density, J is also a measure of the efficiency of the
circle covering from the energy consumption perspective. If
x and y are two configurations with exactly same number of
nodes and covering the same region such that Jy < Jx, then
y is indeed a better choice from the sensing cost view-point.
A large amount of overlap among circles in a circle covering
results into an increase in the sensing cost. Covering density
and sensing cost will both be used to compute the efficiency of
circle coverings in subsequent sections.

III. NODE CONFIGURATIONS FOR CIRCLE COVERING

In this section, we present two different circle coverings
(heterogeneous configurations), each of which employ circular
discs of two different radii. But first, details of the optimal circle
covering through circular disks of same radii (homogeneous
configuration) are stated.

A. Homogeneous Configuration

Let there be a group of agents each having a sensing footprint
of radius δ. It is shown in [7] that for the complete covering
purpose, the optimal way is to place agents on an equilateral
triangle lattice as shown in Fig. 2. The lines connecting nodes,
whose sensing footprints intersect, form an equilateral triangle
with the length of each side being equal to

√
3δ. Moreover,

Fig. 2. Circle covering through circular disks of same radii. The shaded region
is a crystallographic unit.

Fig. 3. Heterogeneous configuration 1 in which the shaded parallelogram is a
crystallographic unit of the covering. For a given δx1 , appropriate value of δx2 is
also computed.

the density of the covering, denoted by ρh, is
√
27
2π which is

the best possible.1 If there are n agents, the sensing cost of the
homogeneous configuration is Jh = nδ2.

B. Heterogeneous Configurations

Using heterogeneous disks (in terms of the radii) for the
purpose of circle covering may further improve the efficiency
of covering. We present two heterogeneous configurations,
denoted by X and Y , respectively. It is shown in the next
section that they are indeed better than the homogeneous case
from the covering density and the sensing cost perspectives.

1) Configuration 1 (X): Let there be two types of nodes
with respect to the radii of sensing footprints, which are denoted
by δx1 and δx2 , respectively. The superscript in the notation
indicates the configuration and the subscript corresponds to the
node type. Moreover, assume that δx2 < δx1 . These two types of
nodes are placed on a grid network alternatively as shown in
Fig. 3. If the length of the side of each square in the grid is a,
then the X configuration results into a circle covering of the
region if δx1 and δx2 satisfy the following conditions:

δx1 = εxa,
1√
2
≤ εx ≤ 1;

δx2 =
1√
2

(
a−

√
(2δx1 )

2 − a2
)
.

A crystallographic unit of the circle covering as a result of X
is shown in Fig. 3. Thus, the density of the covering, denoted
by ρx, is

ρx =
(crystallographic unit area)

π
[
(δx1 )

2 + (δx2 )
2
] =

2a2

π
[
(δx1 )

2 + (δx2 )
2
] . (3)

1It is assumed that the area being monitored is much larger than the sensing
footprint of an individual node.
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Fig. 4. Heterogeneous configuration 2. A crystallographic unit is a shaded
parallelogram. A relationship between δy1 and δy2 to obtain a circle covering is
also shown.

2) Configuration 2 (Y ): As in the case of X , we consider
two types of nodes; one with the sensing footprints of radius
δy1 , and the other having radius δy2 , where δy2 < δy1 . Again, the
superscript indicates the configuration type and the subscript
represents the node type. These nodes are placed on an equi-
lateral triangle lattice as shown in Fig. 4. Let b be the length
of the side of the unit equilateral triangle in the network, then
δy1 and δy2 need to satisfy the following conditions to obtain a
circle covering from this configuration of nodes as illustrated
in Fig. 4.

δy1 = εyb,

√
3

2
≤ εy ≤ 1;

δy2 =
1

2

[
b−

√
4 (δy1 )

2 − 3b2
]
.

The density of Y , denoted by ρy , can be obtained by com-
puting the area of the crystallographic unit of the covering (as
shown in Fig. 4). It should be noted that the area of circles,
which cover a crystallographic unit, is equal to the sum of the
areas of a single circle with radius δy1 , and two circles with
radius δy2 . Thus,

ρy=
(crystallographic unit area)

π
[
(δy1 )

2
+ 2 (δy2 )

2
] =

3
√
3

2 b2

π
[
(δy1 )

2
+ 2 (δy2 )

2
] . (4)

IV. COMPARISON OF HOMOGENEOUS AND

HETEROGENEOUS CONFIGURATIONS

In this section, we compute and compare coverage densities
and sensing costs of configurations introduced in Section III,
thereby establishing that heterogeneous configurations can out-
perform homogeneous configuration.

A. Comparison of Coverage Densities

The maximum coverage density for homogeneous case is
ρh =

√
27
2π . The covering densities for heterogeneous configu-

rations 1 and 2 are given in (3) and (4), respectively. It is to be
noted that ρi depends on the values of δi1 and δi2 for i ∈ {x, y}.
If radii ratio of disks is defined as αi = δi2/δ

i
1 for i ∈ {x, y},

then the covering density directly depends on αi. Note that the
radii ratio is 1 in the homogeneous case.

If covering densities of homogeneous as well as heteroge-
neous configurations are plotted with respect to the radii ratio,

Fig. 5. Plots of covering densities of different configurations as a function of
radii ratio.

the plot shown in Fig. 5 is obtained. It is observed that for quite
a good range of the radii ratio, heterogeneous configurations
have better covering densities than the homogeneous case, spe-
cially when the radii ratios are smaller. For the heterogeneous
configuration 1, the maximum covering density, denoted by
ρ∗x, is

(
8
3π

)
with αx = 1√

5
. Similarly, for the heterogeneous

configuration 2, the maximum covering density, denoted by ρ∗y ,

is 18
√
3

11π which is obtained with αy = 1√
31

. It is to be noted that

ρh < ρ∗x < ρ∗y. (5)

Thus, heterogeneous configurations X and Y have improved
coverage densities as compared to the homogeneous case.

B. Comparison of Sensing Costs

Next, we compare homogeneous configuration with hetero-
geneous configurations using sensing cost metric defined in
(2). In homogeneous configuration, nodes are placed in an
equilateral triangle network. Let τ be an m× n equilateral
triangle network in which b is the distance between two adjacent
nodes.2The area covered by the network is

Aτ = 2(n− 1)(m− 1)

√
3

4
b2. (6)

In X , nodes are placed in a grid network. Consider an m×
n square grid network in which the distance between any two
adjacent nodes is a, then the area of the grid is

Ag = (n− 1)(m− 1)a2. (7)

Since a comparison of sensing costs of homogeneous config-
uration and X is desired, a grid network with the same number
of nodes and area as the triangular network τ is needed. Thus,
for an equilateral triangle network with a given b, an equivalent
grid network with a is obtained by equating (6) and (7) as

a = (3/4)
1
4 b. (8)

Next, sensing cost of the homogeneous configuration, in
which nodes with sensing footprints of radius δ = b√

3
are

placed on the vertices of an m× n triangle network τ to obtain

2Nodes are arranged in an equilateral triangle network such that there are m
rows of nodes with n nodes in each row.
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a circle covering of an area Aτ , is computed. The sensing cost,
denoted by Jh, is

Jh =

mn∑
i=1

(
b√
3

)2

=
mnb2

3
. (9)

Afterwards, nodes with sensing footprints of radii δx1 = ε1a

and δx2 = 1√
2

(
a−

√
2(δx1 )

2 − a2
)

, where ε1 ∈
[

1√
2
1
]

and a

is given by (8), are placed in X to obtain a circle covering of
area Ag(= Aτ ). The sensing cost of such a configuration is

Jx(εx) =
mn

2

[
(δx1 )

2 + (δx2 )
2
]
=

mn

2
a2

[
2ε2x −

√
2ε2x − 1

]

=

√
3

4
mnb2

[
2ε2x −

√
2ε2x − 1

]
. (10)

In fact, Jx(εx) < Jh when 0.751 ≤ εx ≤ 0.84. The mini-

mum Jx is obtained for ε∗x =
√

5
8 . Moreover, for δx1 = ε∗xa, we

get αx = 1√
5

which is the radii ratio that gives the maximum
covering density for X . Computing the ratio of Jx(ε

∗
x) to Jh

gives

Jx (ε
∗
x)

Jh
=

9
√
3

16
< 1. (11)

Thus, X can be more economical than the homogeneous con-
figuration from a sensing cost perspective.

Similarly, a comparison between homogeneous and hetero-
geneous configuration 2 (Y ) can be performed by placing
nodes with sensing footprints of radii δy1 = ε2b and δy2 =

1
2

[
b−

√
4(δy1 )

2 − 3b2
]

on the vertices of an m× n equilateral

triangle network to get a circle covering. Here, εy ∈
[√

3
2 1

]
.

The sensing cost of this configuration of nodes is3

Jy(εy) =
mn

3

[
(δy1 )

2
+ 2 (δy2 )

2
]

=
mnb2

3

[
3ε2y − 1−

√
4ε2y − 3

]
. (12)

For 0.882 ≤ εy < 1, Jy(εy) < Jh. In fact, Jy is minimum

at ε∗y =
√

31
36 . The maximum covering density for Y is also

achieved when δy1 = ε∗yb. The ratio of Jy(ε
∗
y) to Jh is

Jy

(
ε∗y
)

Jh
=

11

12
< 1. (13)

Thus, Y is more efficient than the homogeneous covering if
an appropriate value of εy is chosen.

1) Proposition 4.1: It is possible to have a lower sensing
cost and a higher covering efficiency for circle coverings ob-
tained through heterogeneous configurations 1 and 2 as com-
pared to the homogeneous configuration. In fact,

Jx(εx) <Jh, ρx > ρh, for 0.751 ≤ εx ≤ 0.84;

Jy(εy) <Jh, ρy > ρh, for 0.882 ≤ εy ≤ 1.

3In heterogeneous configuration 2, there are twice as many circles with δ2
radius as compared to circles with δ1 radius as long as both π(δ1)2 and π(δ2)2

are significantly smaller than Ag .

Moreover,

Jy

(
ε∗y
)
< Jx (ε

∗
x) < Jh, (14)

where ε∗x =
√

5
8 and ε∗y =

√
31
36 .

V. CONCLUSION

In this paper, we examined the complete coverage problem
when circular disks of two different radii are used. It is shown
that more efficient coverage can be obtained through configura-
tions of heterogeneous disks as compared to the homogeneous
case. In the case of heterogeneous configuration 1, best results
are obtained when sensing radius of one type of nodes is ap-

proximately half
(

1√
5

)
of the others, whereas in heterogeneous

configuration 2, optimum coverage density and sensing cost are
obtained when the radius of one disk is approximately one-fifth(

1√
31

)
of the other. In sensor networks, to efficiently utilize

energy resources, these results can be useful to control the
power levels of sensing nodes which are deployed to completely
cover some region.

Depending on the application, heterogeneous configurations
might incur higher initial deployment costs owing to the sensors
with different sensing ranges or footprints. However, reduced
operational costs of heterogeneous configurations might com-
pensate for their higher initial deployment cost. In future, we
aim to analyze and compare the efficiency of various het-
erogeneous configurations using a more generalized sensing
cost model than (2), and construct circle coverings with the
maximum covering densities (or lowest sensing costs) for any
given radii ratio. The effect of noise or sensor failure on the
coverage property of heterogeneous configurations is another
interesting direction in the context of this work.
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